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Abstract-The plastic wave due to longitudinal impact on a uniform bar is studied on the basis ofa general quasi
linear constitutive equation which includes as special cases, both of the usual hypotheses: (I) the "rate-independ
ent" and (2) the "rate-dependent". A systematic procedure to construct the net ofcharacteristics and the unloading
boundary in the (x-t) plane is described. Stress profiles are computed for each of the constitutive relations, and
for different values of the length of the bar and the magnitude of impact velocity. Profiles obtained in this way are
compared to determine the effect of strain-rate. It is found that the unloading wave is absorbed at a certain
distance from the impact end, and that this distance, compared with the length of the bar, furnishes a quantitative
criterion for the significance of the strain-rate effect.

1. INTRODUCTION

VIRTUALLY all problems involving wave-propagation in metals are analysed on the basis of
one of two hypotheses: (1) the rate-independent hypothesis proposed independently by
Karman [30], Taylor [28] and Rakhmatulin [24], according to which the stress-strain
curve of the material is independent of the rate of deformation or loading, as in the usual
theory of plasticity; and (2) the rate-dependent hypothesis due to Sokolovsky [27] and
Malvern [21], according to which the material is viscoplastic.

It was shown later by Simmons, Hauser and Dorn [26] that a uniaxial constitutive
equation of the form

i; = !(o', s)& +g(O', s) (1.1)

includes as special cases, both ofthe above hypotheses, the first corresponding to g(O', s) == 0,
and the second to !(o', e) = E- 1 (E being the elastic modulus) with g(O', s) = 0 being the
equation of the static stress-strain curve. Similar results were obtained independently by
Cristescu [9] and Lubliner [19].

t This work is based on a dissertation presented by M. Valathur in partial fulfillment of the requirements for
the degree of doctor of philosophy, Division of Structural Engineering and Structural Mechanics, Department
ofCivil Engineering, University ofCalifornia, Berkeley. It was supported in part by the National Science Founda
tion and by the U.S. Army Research Office (Durham). The authors also acknowledge the assistance of Professor
F. E. Hauser, Department of Mechanical Engineering, University of California, Berkeley.
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In accordance with nomenclature proposed recently by Cristescu [9]. a material
described by a constitutive equation (1.1) will be referred to as plastic--viscopiastic with
plastic and viscoplastic referring to the respective special types. (It is implied that such
materials also possess an elastic range, so that terms such as elastic-plastic--viscoplastic
may be dispensed with.)

Since most experimental studies have shown that real materials do not behave exactly
according to either hypothesis (while the discrepancies have generally been attributed by
the proponents of both approaches to the effects of lateral inertia, the recent results of
Baker and Yew [3] using torsional impact, are open to no such interpretation), Lubliner [19J
suggested that the more general constitutive equation (1.1) be used in the numerical solution
of wave-propagation problems, and that the results approximating those ofeither hypothe
sis may be obtained in extreme cases. He further showed [20] on the basis of an extremely
simple, piece-wise linear, model of plastic-viscoplastic behavior, that results approaching
the viscoplastic hypothesis will be obtained under one or more of the following circum
stances: (l) weak impact, (2) long bar, (3) short "relaxation" time (or natural time of the
material); that converse conditions will lead to results approaching the plastic hypothesis;
and that intermediate conditions require the use of the general constitutive equation.

The purpose of the present study is to test further the validity of Lubliner's suggestions
by means of numerical solutions of representative wave-propagation problems in bars
whose mechanical behavior is described by equation (1.1) (slightly modified to account for
loading-unloading behavior) with the functions f«(J, e) and g«(J, r.) so chosen as to fit the
observed behavior of some actual materials.

The chief benefit of equation (1.1) is that it accounts for the existence of distinct static
and dynamic plastic stress-strain relations, the former being given by g«(J, I;) 0 and the
latter by a solution of the differential equation.

dr .
d(J = f «(J, c)

subject to the initial condition (J = 0 when c = O. Theoretically, then, a dynamic stress-strain
curve corresponds to infinite rates of strain and stress. Practically, the strain rates, attained
in impact tests on bars are of the order of 102_10 3 sec- 1 (strain rates of order 104 sec- 1

have been obtained only by using the split Hopkinson bar, and the simplifying assumptions
used in analysing the results must be corrected).t Materials whose stress-strain curves are
still rate-sensitive at these rates (e.g. mild steel, annealed pure aluminum [13, 17J) may there
fore be treated on the basis of viscoplastic behavior, that is, we may set f«(J, c) E- 1, with
the knowledge that this may need to be modified if higher strain rates become practicable.
On the other hand, some materials (e.g. age-hardened aluminum alloys) show almost no
rate sensitivity at these strain rates, at least at room temperature, so that we may set
g«(J, c) = O.

A direct measurement of the effect of changing the strain rate during a compression test
at room temperature was performed by Holt et ai. [13J on a series of commercial alloys in
both the 0 and T6 tempers. From their test results, it can be seen that even at the com
paratively small strain-rate change, the assumption of strain-rate independence holds only
for age-hardened alloys, as pointed out previously. Further it can be seen that the stress
strain curves for higher strain-rates of 102 sec- 1 to 103 sec- 1 all coincide. This means that

t J. Klepaczko, private communication.
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for understanding the behavior of that particular material under high strain-rate deforma
tion, the existence of a dynamic stress-strain curve can be assumed.

The purpose of this study is not a comparison of results obtained by applying the present
theory with experimental data, but rather the derivation of a quantitative criterion for
determining when strain-rate effects become significant, since it has been shown qualita
tively [19J that under given circumstances either the viscoplastic theory due to Sokolovsky
[27J and Malvern [21J or the older, rate-independent theory of Karman [30J, Taylor [28J
and Rakhmatulin [24J, may provide a valid approximation.

2. EXAMINATION AND ASSUMPTIONS OF CONSTITUTIVE EQUATION

The constitutive equation (1.1) must now be examined in the light of its implications.
This will entail a modification of its form which will reasonably well represent the physical
situation observed experimentally by various authors in their investigations [11, 13, 15, 17J,
before one can proceed to a formulation of the wave-propagation problem. (In the ensuing
discussion, positive changes in stress will represent loading, whether compressive or
tensile; the direction of the velocity must be defined accordingly.) (i) The equation

g(a, e) = 0 (2.1)

describes the static stress-strain relation, which may be written in an explicit form, for
example as a stress-strain equation

a = h(e)

or as a strain-hardening equation

a = as + </>s(ep),

(2.2)

(2.3)

where ep = e-a/E is the plastic deformation (E = Young's modulus), as is the static
elastic limit and </>,(ep) is the static strain-hardening function, having the properties

</>8(0) = 0

</>~(ep) ;:::: 0,

also if the metal has no sharp yield point;

</>~(O) = 00.

(2.4a)

(2.4b)

It should be remarked that a static strain-hardening law exists only at lower temperatures,
at which there is no steady-state creep. (ii) Under a constant load, i.e. (; = 0, we have

i; = g(a, e) (2.5)

describing in general, transient creep without thermal recovery, though the creep becomes
steady if og/oe vanishes. Clearly, transient creep cannot take place when the stress is below
the static yield lev.el, hence the function g(a, e) must have the same sign as {a-h(e)} and
must be replaced III (1.1) by <g(a, e), where

{
Z,Z> 0

<Z) ==
O,Z < o.



1278 J. LUBLlNER and M. VALATHUR

(iii) When the stress and strain rates are very high (theoretically infinite), we have dynamic
loading, governed by the differential equation

de
d(j = f«(j, e). (2.6)

The integral curves of (2.6) are dynamic loading curves corresponding to different initial
states characterized by one parameter, for example the initial plastic deformation ePo'
The general solution of (2.6) may thus be written in the form

(2.7)

(2.8)a < 0.

a> 0,

If such curves are found experimentally, as in [32J, then the value of f«(j, e) is simply the
inverse slope of the curve passing through «(j, e). (iv) The discussion in the preceding sub
section applies to loading, i.e. a > 0. In an elastic-plastic material unloading takes place
elastically. Consequently, the complete constitutive equation, replacing (1.1) is

!
f«(j, e)a

[, = <g«(j, e» + I.
-(j
E

Further, the static stress-strain equation (j = h(e) is interpreted as a succession of
equilibrium states such that flow occurs only when the flow condition

(j > h(e)

is satisfied; otherwise the elastic law applies.
The use of this flow condition implies that if the strain-rate during the test is finally

reduced to zero so that a state of equilibrium under load is reached, the equilibrium point
will lie on the static stress-strain curve. t Hence when the strain-rate is very very low
(theoretically zero), we have static loading.

Based on the assumption that the value of strain-rate equal to 10- 3 sec- 1 is sufficiently
low, we can assume the (j-e curve for i; = 10- 3 sec- 1 to be the static loading curve in our
further discussions.

Also, since the maximum strain-rates attained in impact tests on bars are of the order
of 102_103 sec -1, we can assume that this value of strain-rate is theoretically infinite for the
practical purposes of plastic wave-propagation studies, and hence we can consider the
(j-e curve corresponding to such a value of strain-rate, to be the dynamic loading curve.
Following the discussion of subsection 2(iii), i.e. the equation (2.7) with zero initial plastic
deformation, the function (j = hJ..e) is simply the experimentally obtained (j-e curve for
maximum strain-rate; to be referred to hereafter as the dynamic loading curve.

Since the Ramberg-Osgood equation for describing stress-strain curves [17J has been
found to apply for a number of structural materials, the same equation will be used here
also, to describe the dynamic loading curve. It has the form

(j
E = -+K (jn

E
(2.9)

t This neglects strain-rate history.



Some wave-propagation problems in plastic-viscoplastic materials 1279

(2.10)

(2.12)

(2.11 )

where

e conventional total strain (in.jin.)
(J applied stress (ksi)
E elastic modulus (ksi)
K material parameter
n material parameter (shape factor)

The modulus E is taken directly from stress-strain curves, whereas K and n are calculated
by the method of offsets. The geometric slope of a logarithmically plotted plastic strain
versus stress curve gives n. K is calculated by rearrangement of the plastic deformation
term (K (In) of equation (2.9):

K = epjan

where ep = plastic deformation (in.jin.).

Hence equation (2.9) represents the (assumed) dynamic loading curve.
Differentiation of equation (2.9) yields

de [1 n-1Jda = E+ Kn a .

Hence from equations (2.6) and (2.11) we have

1 _
f«(J,e) = E+Kn(Jn 1.

On the other hand, from the basic concepts of irreversible thermodynamics, we know
that the total strain-rate can be separated into reversible and irreversible parts. The irrever
sible strain rate is a function of stress, strain and temperature, i.e.

(2.13)

(2.14)

where the superscript i refers to the irreversible part; T is the temperature. In the case of
uniaxial stress,

ii = l{J(a, ei, T).

As for l{J(a, ei
, T), though many forms have been assumed, in particular,

ii = A 1(e i )-a exp(pa) (2.15a)

is employed most frequently in the literature. Consequently, to account for the high flow
stress, the form

(2.15b)

may be assumed as an appropriate one. It is assumed that A 2 , IX and Pdepend on temperature
also.

Further examination of equation (2.15b) reveals that as a consequence of the results of
subsection 2(ii), an admissible form of g(a, e) for the high flow stress and room temperature,
IS

. {a-h(e)}g(a, e) = A(e+C)-2 smh -B--

where A, C and B are constants to be determined empirically from test data.

(2.16)
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It is to be noted that, in order to determine the constants A, C and B in equation (2.16),
we need data for at least one intermediate strain rate, besides the (assumed) static and
dynamic loading curves.

3. THE IMPACT PROBLEM

The distinguishing feature of impulsive loading arises from the fact that the action of a
suddenly applied load is not simultaneously transmitted to all parts of the body, parts of the
body remote from the point ofapplication of the load remain undisturbed until the localized
stresses in reaction to the load are propagated to those parts; the finite velocity of propaga
tion of such waves depends upon inertial effects and upon the mechanical behavior of the
material comprising the body. In this section, the governing differential equations approp
riate for stress-wave propagation based on a minimal assumption sufficient for the mathe
matical establishment of wave propagation, will be developed.

The equations governing the propagation of stress waves can be developed by means of
either the Eulerian or the Lagrangian co-ordinate system. But Lagrangian co-ordinates
exhibit one significant advantage over Eulerian co-ordinates, in that they provide a very
simple expression for the law of conservation of mass. In order to take the advantage of
this simplicity, Lagrangian co-ordinates will be adopted throughout the following dis
cussion.

As a result of the substantial difficulties that are encountered, no satisfactory description
of plastic deformation in three dimensions has yet been formulated. For that reason. it
will be necessary to limit the present discussion to the simple linear case of waves moving
along the axis of a uniform rod. Also it must be remembered that the deformation of rods
under a longitudinal impact is three-dimensional in nature. Obviously much additional
theoretical development will be necessary before the theory can be applied with confidence
to practical problems of impact forming of metals where three-dimensional analyses will be
required and where unruly boundary conditions are encountered.

It is well known, for the purely elastic case, that the results obtained by the approxima
tion of uniaxial stress are fairly accurate only when the rate ofchange of stress and strain are
small. One would expect that the same argument would hold to some degree when plastic
deformation is allowed. However, in most experiments concerned with longitudinal elastic
plastic pulse propagation along bars, the end condition is either a normal velocity or a
normal stress whose time dependence is that of a step function. This indicates that the effect
of lateral inertia could be considerable. The one-dimensional approximate equations are
modified in references [10J and [15J to include the effect of lateral inertia. These equations
are then modified in reference [10J to allow for plastic deformation and hysteresis in
addition to the lateral inertia effect. It was concluded [10J that some observations set forth
as proof of the existence of a strain-rate effect might equally be explained, at least qualita
tively, on the basis of lateral inertia effects.

A torsional impact, wherein no radial motion of the specimen is produced, eliminates in
the most direct manner the dimensional discrepancy between the mathematical model and
experimental investigation which exists in longitudinal impact studies.

To formulate the impact problem for an initially uniform bar, whose behavior is given
by the constitutive equation (1.1), we must adduce the equations of motion and of con
tinuity, and specify initial and boundary conditions. Since the Lagrangian co-ordinate
system is more convenient, the engineering definition of stress and strain will be used;
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furthermore, these will be counted as positive in compression. Ifx denotes the initial distance
of a section of the bar from the left end and v its velocity, we have

a(J av
~ -p-
ax at

and

ae av
-

at ax

(3.1)

(3.2)

where (J, e, p, t denote stress, strain, initial density, and time respectively.
It can be seen that the system of equations (Ll), (3.1) and (3.2) is hyperbolic and there

fore is soluble by graphical integration along characteristics in the (x-t) plane, even when
closed analytical solutions are not obtainable. This method, as it applies to plastic wave
propagation, has been described in detail in numerous publications [7, 14, 18,26]. Conse
quently, the characteristics and characteristic relations are

and

a(J < 0Iat

a(J
~>O
at

(3.3)

where

and

dx = 0

1

1 d(J

Co P
dv = g((J, e) dx ±

1 d(J

C P

{

I
-d(J

de = g((J, e) dt+ E
f d(J

-(a)

--(b)

--(a)

--(b)

(3.4)

(3.5)

The solution of the problem of wave-propagation is complete when the network of
characteristics is determined in the (x-t) plane; and when the field variables (J, e and v have
been determined throughout the plane.

Because of the strain-rate effect, a loading characteristic cannot be a locus of constant
state, hence the characteristics in the loading region are curved. In a numerical computation
the curves must, of course, be replaced by broken lines.
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(3.8)

Ifunloading takes place, an unloading wave similar to that studied by Rakhmatulin [24]
must be propagated. This is an acceleration wave, i.e. on it the field variables a, f:, v are
continuous, but their first derivatives with respect to x and t are not; in particular

AU{ > 0 ahead of the wave,

at <0 behind the wave.

A point (x-t) through which the locus of the unloading wave passes lies on both a loading
and an unloading characteristic of the same sign; the state at (x-t) is determined along the
loading characteristics, and an additional equation connects it with a neighboring point
on the unloading characteristic, where the state is likewise determined. In general a trial
and-error procedure is necessary to construct the unloading curve, and the aforementioned
additional equation serves to determine whether or not an assumed point lies on the curve;
this is as long as the slope satisfies

c(a, f:) ~ I~~r ~ Co (3.6)

where u = u(x, t); f, = e(x, t). Otherwise the unloading curve is not the locus ofthe accelera
tion wave, but simply of oa/ot = O.

In constant-velocity impact, if Yo, the magnitude ofthe impact velocity, is greater than
us/ pCo where Us is the static yield stress, then the initial development of the solution is that
of the KTRt theory: characteristics fan out from the origin with initial slopes c(a, B)
corresponding to states (u, e, v), where

a = hd(s), the dynamic stress-strain relation (3.7)

v { c(u, e) df..

The stress along the characteristics relaxes and they become curved. Furthermore,
stress relaxation begins immediately at the impact end, so that the unloading-wave locus
goes out from the origin, coinciding initially with the steepest loading characteristic.

4. WAVE-PROPAGATION IN A FINITE BAR

In this section, we shall consider the propagation of plastic waves in a finite bar of
length I, with a fixed end at x = I. We shall assume that the magnitude, Yo, of a sudden,
constant velocity applied at t = 0; x = 0 is large enough to send plastic waves down the
bar. The first quadrant of the (x-t) plane may be divided into the following regions.

Region I: cot < x < I. (See Fig. 1)
Here u = f. = V = O.

Region II: F(t) < x < cot < I, where x = F(t) is the locus of unloading wave; here
u > as and au/at> 0, so that the characteristic slopes are ±c(u,f.).

Finally as a result of stress relaxation at the impact end, there is an
unloading region,

Region III: 0 < x < F(t): here oujat < 0, so the characteristic slopes are ±co,

t Strain-rate independent theory due to Kiuman [30], Taylor [28J and Rakhmatulin (24].
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It should be noted that stress relaxation at the impact end begins immediately, so
that F(O) = 0; furthermore it is assumed that the signs of oa/ot given above for Regions II
and III, respectively, are obeyed strictly up to and including the boundary between them, so
that va/ot is discontinuous across the unloading wave. In this case it has been shown [16J
that

c(a, e) S IF'(t)1 s co' (4.1 )

(4.2)

The end of the bar at x = I is presumed to be fixed in such a way that the particle velocity,
v, at that end must always be zero. Under these conditions, the particle velocities associated
with a wave drop suddenly to zero at x = I when the oncoming wave strikes this point.
This shock jump in v results in shocks in stress and strain that induce new waves to travel
back up the bar.

Ifthe magnitude Va of the impact velocity is high enough, i.e. if Va > ad/pca where ad
is the dynamic elastic limit, then the line x = cat is the locus of the stress discontinuity,
which is initially ad' but which relaxes (as in the SMt theory) according to

2 f"d dT
X = cot = PCa " g(T, T/E)'

Furthermore, when this wave reflects from the fixed end of a bar, the stress initially jumps.
Because each plastic wave travels at a speed corresponding to the strain, the would-be

t Viscoplastic theory of Sokolovsky [27] and Malvern [21].
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shock is disseminated at different speeds back into the body. Therefore the shock conditions
cannot be applied at x = I. Instead, the conditions along the characteri~tics will be used.

Region IV: F(t) < x < F*(t) where x = F*(t) is the locus of the unloading wave with
F*(lIco) = I and

c(O",f.):S;; IP'(t)I:s;; Co' (4.3)

Here 0" > O"s; oO"/ot > 0; so that characteristic slopes are given by c(O", I:).

Finally as a result of stress relaxation at the point (I, I/co), there is an un
loading region.

Region'V: F*(t) < x < l: here oO"/ot < 0; the characteristic slopes are again ±co .
The stress relaxation begins immediately at the fixed end of the bar so that
P(lIco) = l.

5. EFFECT OF ABSORPTION DISTANCE (Fig. 2)

On the basis of the preceding observations, it can be said that the distance Xa , at which
the unloading wave x = F(t) is absorbed, is a critical quantity for describing the significance
of the strain-rate on plastic-wave-propagation; if this distance is short, then the strain-rate
effect is insignificant and vice-versa. For a bar of finite length I, a particularly telling
comparison would be that of X a with the distance Xi' at which the unloading wave x = F(t}
intersects the reflected plastic wave. If Xa < Xi the unloading wave X F(t) is absorbed
before intersection, so that the further development of the wave pattern is in accordance
with the rate-independent theory, while if X a > Xi' intersection takes place so that the
further development is in accordance with the viscoplastic theory. The limiting case is

//1
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therefore X a = Xi; in which case the development is in accordance with the plastic-visco

plastic theory.
On the basis of the observations of Lubliner [20] for the case of an extremely simple

model, and the preceding observations, it may be said that the case of Xa > Xi' i.e. the
unloading wave X = F(t) proceeds further without getting absorbed, may come about as a
result of one or more of the following circumstances:

(i) weak impact
(ii) long bar

(iii) short relaxation time

Then the strain-rate effect is highly significant, and, presumably, the viscoplastic theory
gives a good approximation.

The converse conditions will, ofcourse, apply if X a < Xi> i.e. the unloading wave X = F(t)
is absorbed before intersection. Then the strain-rate effect is insignificant and, presumably,
the theory of Karman [30], Taylor [28] and Rakhmatulin [24] can give a good approxima
tion. If, lastly, X a is nearly equal to Xi> then, in order to obtain results which will reasonably
well represent the physical situation, the plastic-viscoplastic theory of Lubliner [19J must
be resorted to.

6. COMPUTATIONAL PROCEDURE

Since the solutions in closed analytic form are seldom known for quasi-linear systems,
some other method of solution must be found. To resolve this problem, we now turn to
finite difference methods which may be used in many different ways to obtain numerical
solutions to such problems. Existence, uniqueness and stability of the solution of the initial
value problem for the hyperbolic system of n quasi-linear first-order partial differential
equations have been established by various authors [7,8].

It is the direct replacement of the derivative along the characteristics that forms the
basis of the finite difference method. Thus we are now led to the following procedure for
computing the solution of the initial value problem for equation (3.4).

Let us examine the representative points in the (x-t) net illustrated in Fig. 3. Initially,
only the conditions along IXo are known. This characteristic has a slope of co' The solution
for the characteristics and the field variables can then be made by approximation from
time t to time t+~t. For example, we shall sketch the procedure for finding the values of
0", C and v and therefore the slopes of the IX and f3 characteristics along the line CD, once the
variables on the line AB are known. We can use these slopes to draw straight-line approxima
tions to the characteristics throughout the region ABCD. Through each of the points
Po, PI"'" Pn on CD, the characteristics are drawn by means of the slopes along AB. For
determining the field variables along CD; from the known values along AB, the following
relations, derived from equation (3.4b) will be used:

cr-cQ-fQ(O"T-O"Q) = gQ(tT-tQ),

1
(vT-VS)+-(O"T-O"S) = -gsc,{tT-tS),

pCs
(6.1 )
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The computed values of a, e and v along AB, together with equations (6.1) enable us to
find the values of a, e and vat Po, PI' ... , Pn • By linear interpolation, the values of a, e and v
along CD can then be found. Successive applications of the scheme will enable the solution
to be advanced further in time.

7. GENERAL SOLUTION

We shall now be concerned with the construction of general solution to the problem
for the following initial and boundary conditions.

Problem A: semi-infinite bar

Let us consider now the case where the velocity applied to the end of the bar is first
monotone increasing from zero and then decreasing (Fig. 4). The boundary and initial
conditions are:

{O < I < T: v ~ 4v"rT-'1]x = 0,
T < I: v=O (7.1 )

x--.+oo: u=a=[;=O

1=0; x> 0: a = [; = v = O. (7.2)

The image of the solution in the (x-I) plane will be assumed to be such as is shown in
Fig. 4.

The Region I is a region of a = e = v = O. The Region II is a region of elastic strain
with Riemann waves propagating in it. If the velocity acting on the end of the bar reaches
the yield value vy = (as/pco), where as is the yield stress, a plastic wave starts propagating.
The solution in the entire Region III proceeds on the basis of the relations (6.1) along the
characteristics. If the stress developed on the end of the bar reaches a maximum value,
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FIG. 4. x-t Plane diagram (semi-infinite bar).

1287

i.e. when aulot at x = 0, changes sign, an unloading wave starts propagating. The determina
tion of this unloading wave x = F(t) will be performed simultaneously with the solution in
the entire Region IV, on the basis of the relations (3.4) on the linear characteristics and the
boundary condition first of(7.1). For the unloading wave x = F(t), the following condition
should be satisfied.

Thus the problem is solved in a complete manner.

Problen B: finite bar

We shall now be concerned with the construction of general solution of the problem of
wave reflection by a rigid wall, for a constant velocity impact case. The boundary and initial
conditions are:

x = 0;

x = I:

t > 0:

t > 0:

v = Vo (constant)

v=o
(7.3)

t = 0; 0< x::s; I: v = u = e = O. (7.4)

We shall consider the solution in terms of the characteristic net in the (x-t) plane and
for convenience we replace the time co-ordinate by r = cotll and x by ~ = xii, where 1is
the length of the bar. The linear characteristics and the characteristic relations in the
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unloaded region are then

d~ 1 I
d

.,. ±1, ±dv+-dcr+gco--dr=O,
, PCo Co

and in the loading region

1 I
d/;--dcr g-dr=O

E Co
(7.5)

1 I
±dv+-dcr+gc-dr = 0,

pC Co

d~ ,
-= +cdr -,

where c' = c/co.
The boundary and initial conditions are (Fig. 5)

de
I

dcr-g·-dr = °
Co

(7.6)

~ 0; r > 0: v= Vo (constant)

~ 1.0; r > 0: v=O

r 0; O<~::;; 1.0 : v=cr e = O.

(7.7)

(7.8)

Let us describe now the method of constructing solution in each region.
Region I: ~ > r; cr = e v = 0 and along the leading wave front ~ = r, the field

variables cr, e and v will be calculated from the equation (4.2).
The solution in the Region II will be obtained numerically by means of the method of

nets ofcharacteristics as explained in Section 6, knowing the relations (7.6) on the character
istics. The determination of the unloading wave ~ = r(r) will be performed simultaneously
with the solution of the entire Region III. The solution in the Region III is obtained
numerically by the method of nets with the relations (7.5) on the linear characteristics and
the boundary condition first of (7.7). For the unloading wave ~ = r(r), the following

I

REFLECTED
PLASTIC
WAVE

Vo

I

V"'--~------'"---*""- Xo Xj=xa

F1G. 5. x·_[ Plane diagram (finite bar).
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condition should be satisfied.

c'(1T, e) ::;; I~~I ::;; 1; nO) O. (7.9)

The solution in the Region IV with the simultaneous determination of the unloading wave
~ = r*(T), is similar to that in the Region III with the boundary condition for ~ = 1:
v(l, T) = O.

For the unloading wave ~ = P(T), the following conditions should be satisfied.

c'(IT, e) ::;; 1::1 ::;; 1, r*(l) 1. (7.10)

In the Regions III and IV, if at any section the solution of the equations for unloaded
region, determines a stress equal to the previous maximum stress to which the section has
been subjected, plastic flow can occur again there; and a new region in which visco-plastic
wave equations must be solved is initiated. The determination of the boundaries of such a
region is as discussed by Lee [16] and Clifton and Bodner [6].

8. NUMERICAL EXAMPLES

Let us consider some numerical examples illustrating the theoretical solutions of the
previous section. The manner of determining the functions f(lT, e) and g(lT, e), describing
the mechanical behavior of the material, has been given in Section 2. Here in this section,
the actual determination of the functions f(lT, e) and g(lT, e) is done on the basis of the
experimental results obtained by McLellan [17J and Holt et ai. [13].

In the numerical examples below, we shall confine ourselves to the case of strain rates
of 10- 3 sec - 1 < i; < 103 sec - 1.

The following data are assumed:

Properties

Young's modulus (ksi)
Density (lbs/in"/sec2

)

Yield Stress (ksi)
Yield strain (in .lin _)

Heat treated
4130 steel

29 X 103

6-75 X 10- 7

145
0-005

Heat treated
Ti-6AI-4V

17·5 X 103

3-0x 10- 7

175
0-01

For the constants K, n, A, Band C which appear in equations (2.12) and (2.16), the
values obtained from the experimental curves are:

Heat treated Heat treated
Constant 4130 steel Ti-6AI--4V

K 2-405 x 10- 129 2-480 x 10- 55

n 54·6 22
A 1·453 x 10- 3 3-226 X 10- 7

B 2·225 2-867
C -0,0645 0-01

Complete computations for each particular region of the (x-t) plane will not be given.
We shall show by means ofdiagrams, the variability ofresults at the most interesting instants
only.
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(a) Semi-infinite bar (parabolic velocity impact)

Figures 6 and 8 show the various regions of the (x-t) plane. There are, however, two
features of the unloading-wave locus which should be especially noted. These are:

(1) Although the velocity at the impact end continues to increase, the stress has started
decreasing at the impact end, even before the maximum velocity has been reached,
so that the unloading-wave locus begins as soon as the stress at the impact end
started decreasing.

(2) In the case of the titanium alloy, the time lag for the two instants at which the
velocity and the stress at the impact end reach their maximum values respectively
is very small when compared to the rise time of the velocity, whereas in the case of
steel, the time lag for the two instants is quite considerable when compared to the
rise time of the velocity. Attention is called to this point because one of the distin
guishing features pointed out between the rate dependent theory and the rate
independent theory has been the relaxation time effect.

2.0 ..,...------------------.-------.,

UNLOADING WAVE

'"'I

t: 1.8-II
1.6

1.4

1.2

1.0

.8

.6

.4

.2

o
o 0.2 0.4 0.6 0.8 1.0

T; 10-3gEC

Vo; 300f.p.s.

v; 4VotlT-tlf.p.s

1.2 1.4 1.6e; x/Cl
1.8

FIG. 6. X-I Plane diagram for heat treated Ti-6AI-4V, room temperature (parabolic velocity
impact).
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Also, it has been observed that the maximum value of the stress at the impact end, as
predicted by the plastic-viscoplastic theory is less than that in the case of rate independent
theory. However, for both steel and titanium alloy, the difference in the maximum values
predicted by both the theories is less than about 5%and 2%respectively.

240...."...---------------------,

200

160
u;
:ll::
I
b

I/) 120
I/)
UJ
0::
l-
I/)

80

PLASTIC THEORY
40

- PLASTlC-VISCOPLASTIC
THEORY

0.60.3 0.4 0.5

e-=x/CoT

0.20.1
O+-----r---.,.----r---,-----+--~

o

FIG. 7. Variation of stress with x for heat treated Ti-6AI-4V, room temperature.

(b) Finite bar (constant velocity impact)

Figures 10 and 11 show various regions of the (x-t) plane for different values of l, the
length of the bar and Vo, the constant velocity impact. There are, however, two distinct
limiting features of the solution which should be especially noted. These are:

In the limiting case, there is every possibility of

(1) the area ofthe unloading Region III (0 < ~ < nr» becoming the minimum possible
and

(2) the area of the loading Region II (nr) < ¢ < -c < l)andn-c) < ¢ < r*(-c) becoming
the minimum possible.

When the above-mentioned two limiting features are examined as special cases of the
plastic-viscoplastic theory proposed in this study, it becomes apparent that there are
conditions under which one or other may be valid.
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For example, the first limiting case may come about as a result ofthe initial slope of the
unloading locus being the maximum, which may well be the case if the velocity of impact
is much higher than that corresponding to the dynamic yield value. Also, it can be observed
from Fig. 10 that the unloading Region III is becoming smaller as the absorption distance ~a

is getting less, which may well be the case if the bar is short.
On the other hand, the possibility of area of the loading Region II becoming the mini

mum may come about as a result of weaker impact, as has been shown in Fig. 11 for heat
treated steel.
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FIG. 13. Variation of stress with x for heat treated 4130 steel, room temperature.



Some wave-propagation problems in plastic-viscoplastic materials 1295

9. CONCLUSIONS

The procedure proposed and demonstrated for determining the specific nature of an
adequate mechanical behavior equation is tedious and difficult. If carried through, it will
eventually furnish a quantitative criterion for the significance of the strain rate effect.

It was found that the simple rate independent theory of plastic wave propagation may
provide a valid approximation under one or more of the following circumstances:

(i) short bar
(ii) strong impact

(iii) long relaxation time

On the other hand, for the converse considerations, the simpler strain rate dependent
theory, i.e. viscoplastic theory may well represent the physical situation.

For convenience in making comparisons, the variation of stress with distance at
various instants are plotted in Figs. 12, 13, 15 and 16. It might be noted that the rate
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...... 0.8
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1.00.80.40.2
01"----,----,----l'--r------,-----1

o

! = xl£.
FIG. 14. x-t Plane diagram for heat treated Ti-6AI-4V, room temperature (constant velocity

Impact).
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FIG. 15. Variation of stress with x for heat treated Ti-6AI-4V, room temperature,

dependent constitutive relation considered in this study leads to a constant or essentially
constant stress region beginning at the impact end of the bar and progressing farther along
the bar as time increases. Thus, the stress plateau cannot be regarded as a distinguishing
feature of the rate-independent propagation theory when the velocity applied to the bar
is a step function in velocity.
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FIG. 16. Variation of stress with x for heat treated Ti-6AI-4V, room temperature.
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The most important feature of the results as seen in Figs. 12 and 15, is that they show a
smooth transition in behavior from that predicted by rate-independent plastic theory near
the wave front to that predicted by viscoplastic theory at points sufficiently far behind the
wave front. Depending upon the parameters of the problem, the behavior may be almost
entirely quasi-plastic or almost entirely quasi-viscoplastic; this is consistent with the theory
presented here.

It would be of interest to see whether or not experiments using the various techniques
would show similar effects.
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AOCTpaKT-l1ccJIe)l,yeTcli nJIaCTH'ieCKali BOJIHa BbI3BaHHali npO)l,OJIbHbIM y)l,apOM O)l,HOpO)l,HOH 6arrKH, Ha
OCHOBe o6ll\ero KBa3HJIHHeHHOro onpe)l,eJIlilOll\erO ypaBHeHHlI, 3aKJIIO'ialOll\erO B Ka'ieCTBe Cne~HaJIbHOrO

CJIy'ialI, )],Be H3 06bI'iHbIX rHnOTex: (I) "He3aBHcHMoCTb OT CKOPOCTH" H (2) "3aBHcHMoCTb OT CKOpOCTH".
OnHcbIBaeTcli cHcTeMaTH'ieCKHH npo~ecc KOHCTPYK~HH ceTH xapaKTepHcTHK H He3arpY)J(eHHoro npe)l,e)l,a
B nJIOCKOCTH (x, T). PaC'iHTbIBaIOTcli npoQJHJIH HanplI)J(eHHl{ )l,JIli Ka)J()l,OH H3 onpe)l,eJIlilOll\HX 3aBHCH
MocTeH, H )l,JIli pa3HbIX 3Ha'ieHHH )l,JIHHbI 6aJIKH, a TaK)J(e BeJIH'IHHbI CKOpOCTH y)l,apa. CpaBHJ.fBalOTCli
nOJIY'ieHHble 3THM cnoco6oM npoQJHJIH C ~eJIblO onpe)l,eJIeHHlI 3li>QJeKTa CKOpOCTH )l,eQJopMa~HH. OKa3bIBa
eTClI, 'iTO BOJIHa 3aTyxaeT Ha HeKoTopOM paCCTOlIHHH OT KOH~a npHJIO)J(eHJ.IlI y)l,apa. 3TO paccTolIHHe, no
cpaBHeHHIO C )l,JIHHoll 6aJlKH. npeLICTaBJIlleT Ka'ieCTBeHHbIH KOHTePHH )l,JIli Ba)J(HOCTH .1QJl!>eKTa CKOpOCTH
)l,eQJopMa~HH •


